
Noise-induced shallow circuits 

and absence of barren plateaus

arXiv:2403.13927

Antonio Anna Mele, Armando Angrisani, Soumik Ghosh, Sumeet Khatri, 

Jens Eisert, Daniel Stilck França, Yihui Quek 



Antonio Anna Mele, Soumik Ghosh, Sumeet Khatri, Jens Eisert, Daniel Stilck França, Yihui Quek 

Joint work with:



Outline

 Noise in quantum circuits 

 Effective shallow circuits


 Classical simulation of Pauli expectation values of noisy random circuits


 Barren plateaus



LimitationsCapabilities

•  Understanding noise impact in current quantum devices is important for: 



LimitationsCapabilities

•  Understanding noise impact in current quantum devices is important for: 

•  Many previous works modeled noise as solely depolarizing.
<latexit sha1_base64="b/yPewB+2IZKR4qJ1NwrD4zBtVc="></latexit>

N (�) = (1� p)� + p
I

2
with p ∈ [0,1]



LimitationsCapabilities

•  Understanding noise impact in current quantum devices is important for: 

•  Depolarizing noise, e.g., induces: 

•  Many previous works modeled noise as solely depolarizing.
<latexit sha1_base64="b/yPewB+2IZKR4qJ1NwrD4zBtVc="></latexit>

N (�) = (1� p)� + p
I

2
with p ∈ [0,1]



LimitationsCapabilities

•  Understanding noise impact in current quantum devices is important for: 

Barren plateaus in variational quantum algorithms [1],
•  Depolarizing noise, e.g., induces: 

•  Many previous works modeled noise as solely depolarizing.
<latexit sha1_base64="b/yPewB+2IZKR4qJ1NwrD4zBtVc="></latexit>

N (�) = (1� p)� + p
I

2
with p ∈ [0,1]

[1] Noise-induced barren plateaus in variational quantum algorithms. Wang et al, Nature Comm. (2021). 



LimitationsCapabilities

•  Understanding noise impact in current quantum devices is important for: 

Efficient classical simulation of ‘supremacy’ sampling experiments [2].
Barren plateaus in variational quantum algorithms [1],

•  Depolarizing noise, e.g., induces: 

•  Many previous works modeled noise as solely depolarizing.
<latexit sha1_base64="b/yPewB+2IZKR4qJ1NwrD4zBtVc="></latexit>

N (�) = (1� p)� + p
I

2
with p ∈ [0,1]

[2] A polynomial-time classical algorithm for noisy random circuit sampling, Aharonov et al., STOC (2023)
[1] Noise-induced barren plateaus in variational quantum algorithms. Wang et al, Nature Comm. (2021). 



LimitationsCapabilities

•  Understanding noise impact in current quantum devices is important for: 

Efficient classical simulation of ‘supremacy’ sampling experiments [2].
Barren plateaus in variational quantum algorithms [1],

•  Depolarizing noise, e.g., induces: 

•  Many previous works modeled noise as solely depolarizing.
<latexit sha1_base64="b/yPewB+2IZKR4qJ1NwrD4zBtVc="></latexit>

N (�) = (1� p)� + p
I

2
with p ∈ [0,1]

[2] A polynomial-time classical algorithm for noisy random circuit sampling, Aharonov et al., STOC (2023)
[1] Noise-induced barren plateaus in variational quantum algorithms. Wang et al, Nature Comm. (2021). 

•  But, tiny departure from this model could lead to different conclusions [3,4].



LimitationsCapabilities

•  Understanding noise impact in current quantum devices is important for: 

Efficient classical simulation of ‘supremacy’ sampling experiments [2].
Barren plateaus in variational quantum algorithms [1],

•  Depolarizing noise, e.g., induces: 

•  Many previous works modeled noise as solely depolarizing.
<latexit sha1_base64="b/yPewB+2IZKR4qJ1NwrD4zBtVc="></latexit>

N (�) = (1� p)� + p
I

2
with p ∈ [0,1]

[2] A polynomial-time classical algorithm for noisy random circuit sampling, Aharonov et al., STOC (2023)
[1] Noise-induced barren plateaus in variational quantum algorithms. Wang et al, Nature Comm. (2021). 

•  But, tiny departure from this model could lead to different conclusions [3,4].

[3] Quantum refrigerator, Ben-Or et al, QIP (2013).



• The depolarizing assumption, if true, enormously constrains noisy computation:



[5] Relative entropy convergence for depolarizing channels, Muller-Hermes et al, J. Math. Phys. (2016). 
[6] Limitations of noisy reversible computation, Aharonov et al, ArXiv (1996).

≥ Ω(log n)

• The depolarizing assumption, if true, enormously constrains noisy computation:

Depth L

<latexit sha1_base64="JxJ83zbYK0McX9Vrt8tljw8xPzU=">AAAB+nicbVC7SgNBFJ31GeMramkzJAhWYVfw0QgRGwuRCOYByRJmJzfJkNkHM3eFEPMJNnailZ3Y+jMifoO/4OwmhSae6nDOvdxzjxdJodG2P6y5+YXFpeXMSnZ1bX1jM7e1XdVhrDhUeChDVfeYBikCqKBACfVIAfM9CTWvf574tVtQWoTBDQ4icH3WDURHcIZGqjfLPdG6pKetXMEu2inoLHEmpFDKP95/n/U/y63cV7Md8tiHALlkWjccO0J3yBQKLmGUbcYaIsb7rAsNQwPmg3aHad4R3Ys1w5BGoKiQNBXh98aQ+VoPfM9M+gx7etpLxP+8RoydE3cogihGCHhyCIWE9JDmSpgigLaFAkSWJAcqAsqZYoigBGWcGzE2zWRNH87097OkelB0joqH16aYKzJGhuySPNknDjkmJXJByqRCOJHkgTyRZ+vOerFerbfx6Jw12dkhf2C9/wBUTZfk</latexit>

�L =

<latexit sha1_base64="X+1gM5SMx26OdxpHJUydd17ilDs="></latexit>

N⌦n
dep

[5]

Quantum computation possible only for  depth! [6] log(n)

<latexit sha1_base64="nODuJrsIcbdpXU8VkoYoLEefkjU="></latexit>�����L(⇢0)�
I
2n

����
1

 exp(�⇥(L)),



[5] Relative entropy convergence for depolarizing channels, Muller-Hermes et al, J. Math. Phys. (2016). 
[6] Limitations of noisy reversible computation, Aharonov et al, ArXiv (1996).

However, for noises different from depolarizing, not all circuits become trivial after log-depth!

≥ Ω(log n)

• The depolarizing assumption, if true, enormously constrains noisy computation:

Depth L

<latexit sha1_base64="JxJ83zbYK0McX9Vrt8tljw8xPzU=">AAAB+nicbVC7SgNBFJ31GeMramkzJAhWYVfw0QgRGwuRCOYByRJmJzfJkNkHM3eFEPMJNnailZ3Y+jMifoO/4OwmhSae6nDOvdxzjxdJodG2P6y5+YXFpeXMSnZ1bX1jM7e1XdVhrDhUeChDVfeYBikCqKBACfVIAfM9CTWvf574tVtQWoTBDQ4icH3WDURHcIZGqjfLPdG6pKetXMEu2inoLHEmpFDKP95/n/U/y63cV7Md8tiHALlkWjccO0J3yBQKLmGUbcYaIsb7rAsNQwPmg3aHad4R3Ys1w5BGoKiQNBXh98aQ+VoPfM9M+gx7etpLxP+8RoydE3cogihGCHhyCIWE9JDmSpgigLaFAkSWJAcqAsqZYoigBGWcGzE2zWRNH87097OkelB0joqH16aYKzJGhuySPNknDjkmJXJByqRCOJHkgTyRZ+vOerFerbfx6Jw12dkhf2C9/wBUTZfk</latexit>

�L =

<latexit sha1_base64="X+1gM5SMx26OdxpHJUydd17ilDs="></latexit>

N⌦n
dep

[5]

Quantum computation possible only for  depth! [6] log(n)

<latexit sha1_base64="nODuJrsIcbdpXU8VkoYoLEefkjU="></latexit>�����L(⇢0)�
I
2n

����
1

 exp(�⇥(L)),



[5] Relative entropy convergence for depolarizing channels, Muller-Hermes et al, J. Math. Phys. (2016). 
[6] Limitations of noisy reversible computation, Aharonov et al, ArXiv (1996).

However, for noises different from depolarizing, not all circuits become trivial after log-depth!

≥ Ω(log n)

• The depolarizing assumption, if true, enormously constrains noisy computation:

Depth L

<latexit sha1_base64="JxJ83zbYK0McX9Vrt8tljw8xPzU=">AAAB+nicbVC7SgNBFJ31GeMramkzJAhWYVfw0QgRGwuRCOYByRJmJzfJkNkHM3eFEPMJNnailZ3Y+jMifoO/4OwmhSae6nDOvdxzjxdJodG2P6y5+YXFpeXMSnZ1bX1jM7e1XdVhrDhUeChDVfeYBikCqKBACfVIAfM9CTWvf574tVtQWoTBDQ4icH3WDURHcIZGqjfLPdG6pKetXMEu2inoLHEmpFDKP95/n/U/y63cV7Md8tiHALlkWjccO0J3yBQKLmGUbcYaIsb7rAsNQwPmg3aHad4R3Ys1w5BGoKiQNBXh98aQ+VoPfM9M+gx7etpLxP+8RoydE3cogihGCHhyCIWE9JDmSpgigLaFAkSWJAcqAsqZYoigBGWcGzE2zWRNH87097OkelB0joqH16aYKzJGhuySPNknDjkmJXJByqRCOJHkgTyRZ+vOerFerbfx6Jw12dkhf2C9/wBUTZfk</latexit>

�L =

<latexit sha1_base64="X+1gM5SMx26OdxpHJUydd17ilDs="></latexit>

N⌦n
dep

[5]

Quantum computation possible only for  depth! [6] log(n)

<latexit sha1_base64="nODuJrsIcbdpXU8VkoYoLEefkjU="></latexit>�����L(⇢0)�
I
2n

����
1

 exp(�⇥(L)),



[5] Relative entropy convergence for depolarizing channels, Muller-Hermes et al, J. Math. Phys. (2016). 
[6] Limitations of noisy reversible computation, Aharonov et al, ArXiv (1996).

However, for noises different from depolarizing, not all circuits become trivial after log-depth!

≥ Ω(log n)

• The depolarizing assumption, if true, enormously constrains noisy computation:

Depth L

<latexit sha1_base64="JxJ83zbYK0McX9Vrt8tljw8xPzU=">AAAB+nicbVC7SgNBFJ31GeMramkzJAhWYVfw0QgRGwuRCOYByRJmJzfJkNkHM3eFEPMJNnailZ3Y+jMifoO/4OwmhSae6nDOvdxzjxdJodG2P6y5+YXFpeXMSnZ1bX1jM7e1XdVhrDhUeChDVfeYBikCqKBACfVIAfM9CTWvf574tVtQWoTBDQ4icH3WDURHcIZGqjfLPdG6pKetXMEu2inoLHEmpFDKP95/n/U/y63cV7Md8tiHALlkWjccO0J3yBQKLmGUbcYaIsb7rAsNQwPmg3aHad4R3Ys1w5BGoKiQNBXh98aQ+VoPfM9M+gx7etpLxP+8RoydE3cogihGCHhyCIWE9JDmSpgigLaFAkSWJAcqAsqZYoigBGWcGzE2zWRNH87097OkelB0joqH16aYKzJGhuySPNknDjkmJXJByqRCOJHkgTyRZ+vOerFerbfx6Jw12dkhf2C9/wBUTZfk</latexit>

�L =

<latexit sha1_base64="X+1gM5SMx26OdxpHJUydd17ilDs="></latexit>

N⌦n
dep

[5]

Quantum computation possible only for  depth! [6] log(n)

<latexit sha1_base64="nODuJrsIcbdpXU8VkoYoLEefkjU="></latexit>�����L(⇢0)�
I
2n

����
1

 exp(�⇥(L)),

<latexit sha1_base64="U1P2PCbAdtEtyjaQIFL1MY80F6A="></latexit>

�N⌦n
amp



[5] Relative entropy convergence for depolarizing channels, Muller-Hermes et al, J. Math. Phys. (2016). 
[6] Limitations of noisy reversible computation, Aharonov et al, ArXiv (1996).

However, for noises different from depolarizing, not all circuits become trivial after log-depth!

≥ Ω(log n)

• The depolarizing assumption, if true, enormously constrains noisy computation:

Depth L

<latexit sha1_base64="JxJ83zbYK0McX9Vrt8tljw8xPzU=">AAAB+nicbVC7SgNBFJ31GeMramkzJAhWYVfw0QgRGwuRCOYByRJmJzfJkNkHM3eFEPMJNnailZ3Y+jMifoO/4OwmhSae6nDOvdxzjxdJodG2P6y5+YXFpeXMSnZ1bX1jM7e1XdVhrDhUeChDVfeYBikCqKBACfVIAfM9CTWvf574tVtQWoTBDQ4icH3WDURHcIZGqjfLPdG6pKetXMEu2inoLHEmpFDKP95/n/U/y63cV7Md8tiHALlkWjccO0J3yBQKLmGUbcYaIsb7rAsNQwPmg3aHad4R3Ys1w5BGoKiQNBXh98aQ+VoPfM9M+gx7etpLxP+8RoydE3cogihGCHhyCIWE9JDmSpgigLaFAkSWJAcqAsqZYoigBGWcGzE2zWRNH87097OkelB0joqH16aYKzJGhuySPNknDjkmJXJByqRCOJHkgTyRZ+vOerFerbfx6Jw12dkhf2C9/wBUTZfk</latexit>

�L =

<latexit sha1_base64="X+1gM5SMx26OdxpHJUydd17ilDs="></latexit>

N⌦n
dep

[5]

Quantum computation possible only for  depth! [6] log(n)

<latexit sha1_base64="nODuJrsIcbdpXU8VkoYoLEefkjU="></latexit>�����L(⇢0)�
I
2n

����
1

 exp(�⇥(L)),

• Real hardware noise is not solely depolarizing (which is ‘unital’, i.e.,                )        
<latexit sha1_base64="5vEuFF3pi3cx8xLiNTSsBqcviVI=">AAACBHicbVC7SgNBFJ31GeNr1dJmUARtwq7goxECNtpIBPOAJIS741UHZ2eXmbuCLGn9B8VWKzux9T8s/BdnkxS+TnU4517uuSdKlbQUBB/e2PjE5NR0aaY8Oze/sOgvLTdskhmBdZGoxLQisKikxjpJUthKDUIcKWxG14eF37xBY2Wiz+g2xW4Ml1peSAHkpJ7vd2KgKwEqP+lvHm8dHPf89aASDMD/knBE1quV+wIPtZ7/2TlPRBajJqHA2nYYpNTNwZAUCvvlTmYxBXENl9h2VEOMtpsPkvf5RmaBEp6i4VLxgYjfN3KIrb2NIzdZ5LS/vUL8z2tndLHfzaVOM0ItikMkFQ4OWWGkqwT5uTRIBEVy5FJzAQaI0EgOQjgxcx2VXR/h7+//ksZ2Jdyt7Jy6Yk7YECW2ytbYJgvZHquyI1ZjdSbYDXtkT+zZu/NevFfvbTg65o12VtgPeO9f9Vqbgw==</latexit>

N (I) = I

<latexit sha1_base64="U1P2PCbAdtEtyjaQIFL1MY80F6A="></latexit>

�N⌦n
amp



[5] Relative entropy convergence for depolarizing channels, Muller-Hermes et al, J. Math. Phys. (2016). 
[6] Limitations of noisy reversible computation, Aharonov et al, ArXiv (1996).

However, for noises different from depolarizing, not all circuits become trivial after log-depth!

≥ Ω(log n)

• The depolarizing assumption, if true, enormously constrains noisy computation:

Depth L

<latexit sha1_base64="JxJ83zbYK0McX9Vrt8tljw8xPzU=">AAAB+nicbVC7SgNBFJ31GeMramkzJAhWYVfw0QgRGwuRCOYByRJmJzfJkNkHM3eFEPMJNnailZ3Y+jMifoO/4OwmhSae6nDOvdxzjxdJodG2P6y5+YXFpeXMSnZ1bX1jM7e1XdVhrDhUeChDVfeYBikCqKBACfVIAfM9CTWvf574tVtQWoTBDQ4icH3WDURHcIZGqjfLPdG6pKetXMEu2inoLHEmpFDKP95/n/U/y63cV7Md8tiHALlkWjccO0J3yBQKLmGUbcYaIsb7rAsNQwPmg3aHad4R3Ys1w5BGoKiQNBXh98aQ+VoPfM9M+gx7etpLxP+8RoydE3cogihGCHhyCIWE9JDmSpgigLaFAkSWJAcqAsqZYoigBGWcGzE2zWRNH87097OkelB0joqH16aYKzJGhuySPNknDjkmJXJByqRCOJHkgTyRZ+vOerFerbfx6Jw12dkhf2C9/wBUTZfk</latexit>

�L =

<latexit sha1_base64="X+1gM5SMx26OdxpHJUydd17ilDs="></latexit>

N⌦n
dep

[5]

Quantum computation possible only for  depth! [6] log(n)

<latexit sha1_base64="nODuJrsIcbdpXU8VkoYoLEefkjU="></latexit>�����L(⇢0)�
I
2n

����
1

 exp(�⇥(L)),

• Real hardware noise is not solely depolarizing (which is ‘unital’, i.e.,                )        
<latexit sha1_base64="5vEuFF3pi3cx8xLiNTSsBqcviVI=">AAACBHicbVC7SgNBFJ31GeNr1dJmUARtwq7goxECNtpIBPOAJIS741UHZ2eXmbuCLGn9B8VWKzux9T8s/BdnkxS+TnU4517uuSdKlbQUBB/e2PjE5NR0aaY8Oze/sOgvLTdskhmBdZGoxLQisKikxjpJUthKDUIcKWxG14eF37xBY2Wiz+g2xW4Ml1peSAHkpJ7vd2KgKwEqP+lvHm8dHPf89aASDMD/knBE1quV+wIPtZ7/2TlPRBajJqHA2nYYpNTNwZAUCvvlTmYxBXENl9h2VEOMtpsPkvf5RmaBEp6i4VLxgYjfN3KIrb2NIzdZ5LS/vUL8z2tndLHfzaVOM0ItikMkFQ4OWWGkqwT5uTRIBEVy5FJzAQaI0EgOQjgxcx2VXR/h7+//ksZ2Jdyt7Jy6Yk7YECW2ytbYJgvZHquyI1ZjdSbYDXtkT+zZu/NevFfvbTg65o12VtgPeO9f9Vqbgw==</latexit>

N (I) = I

• Other noise components present (T1-error, amplitude damping, …) are non-unital.

<latexit sha1_base64="U1P2PCbAdtEtyjaQIFL1MY80F6A="></latexit>

�N⌦n
amp



[5] Relative entropy convergence for depolarizing channels, Muller-Hermes et al, J. Math. Phys. (2016). 
[6] Limitations of noisy reversible computation, Aharonov et al, ArXiv (1996).

However, for noises different from depolarizing, not all circuits become trivial after log-depth!

≥ Ω(log n)

• The depolarizing assumption, if true, enormously constrains noisy computation:

Depth L

<latexit sha1_base64="JxJ83zbYK0McX9Vrt8tljw8xPzU=">AAAB+nicbVC7SgNBFJ31GeMramkzJAhWYVfw0QgRGwuRCOYByRJmJzfJkNkHM3eFEPMJNnailZ3Y+jMifoO/4OwmhSae6nDOvdxzjxdJodG2P6y5+YXFpeXMSnZ1bX1jM7e1XdVhrDhUeChDVfeYBikCqKBACfVIAfM9CTWvf574tVtQWoTBDQ4icH3WDURHcIZGqjfLPdG6pKetXMEu2inoLHEmpFDKP95/n/U/y63cV7Md8tiHALlkWjccO0J3yBQKLmGUbcYaIsb7rAsNQwPmg3aHad4R3Ys1w5BGoKiQNBXh98aQ+VoPfM9M+gx7etpLxP+8RoydE3cogihGCHhyCIWE9JDmSpgigLaFAkSWJAcqAsqZYoigBGWcGzE2zWRNH87097OkelB0joqH16aYKzJGhuySPNknDjkmJXJByqRCOJHkgTyRZ+vOerFerbfx6Jw12dkhf2C9/wBUTZfk</latexit>

�L =

<latexit sha1_base64="X+1gM5SMx26OdxpHJUydd17ilDs="></latexit>

N⌦n
dep

[5]

Quantum computation possible only for  depth! [6] log(n)

<latexit sha1_base64="nODuJrsIcbdpXU8VkoYoLEefkjU="></latexit>�����L(⇢0)�
I
2n

����
1

 exp(�⇥(L)),

• Real hardware noise is not solely depolarizing (which is ‘unital’, i.e.,                )        
<latexit sha1_base64="5vEuFF3pi3cx8xLiNTSsBqcviVI=">AAACBHicbVC7SgNBFJ31GeNr1dJmUARtwq7goxECNtpIBPOAJIS741UHZ2eXmbuCLGn9B8VWKzux9T8s/BdnkxS+TnU4517uuSdKlbQUBB/e2PjE5NR0aaY8Oze/sOgvLTdskhmBdZGoxLQisKikxjpJUthKDUIcKWxG14eF37xBY2Wiz+g2xW4Ml1peSAHkpJ7vd2KgKwEqP+lvHm8dHPf89aASDMD/knBE1quV+wIPtZ7/2TlPRBajJqHA2nYYpNTNwZAUCvvlTmYxBXENl9h2VEOMtpsPkvf5RmaBEp6i4VLxgYjfN3KIrb2NIzdZ5LS/vUL8z2tndLHfzaVOM0ItikMkFQ4OWWGkqwT5uTRIBEVy5FJzAQaI0EgOQjgxcx2VXR/h7+//ksZ2Jdyt7Jy6Yk7YECW2ytbYJgvZHquyI1ZjdSbYDXtkT+zZu/NevFfvbTg65o12VtgPeO9f9Vqbgw==</latexit>

N (I) = I

• Other noise components present (T1-error, amplitude damping, …) are non-unital.

[3] Quantum refrigerator, Ben-Or et al, QIP (2013).

<latexit sha1_base64="U1P2PCbAdtEtyjaQIFL1MY80F6A="></latexit>

�N⌦n
amp



[5] Relative entropy convergence for depolarizing channels, Muller-Hermes et al, J. Math. Phys. (2016). 
[6] Limitations of noisy reversible computation, Aharonov et al, ArXiv (1996).

However, for noises different from depolarizing, not all circuits become trivial after log-depth!

≥ Ω(log n)

• The depolarizing assumption, if true, enormously constrains noisy computation:

Depth L

<latexit sha1_base64="JxJ83zbYK0McX9Vrt8tljw8xPzU=">AAAB+nicbVC7SgNBFJ31GeMramkzJAhWYVfw0QgRGwuRCOYByRJmJzfJkNkHM3eFEPMJNnailZ3Y+jMifoO/4OwmhSae6nDOvdxzjxdJodG2P6y5+YXFpeXMSnZ1bX1jM7e1XdVhrDhUeChDVfeYBikCqKBACfVIAfM9CTWvf574tVtQWoTBDQ4icH3WDURHcIZGqjfLPdG6pKetXMEu2inoLHEmpFDKP95/n/U/y63cV7Md8tiHALlkWjccO0J3yBQKLmGUbcYaIsb7rAsNQwPmg3aHad4R3Ys1w5BGoKiQNBXh98aQ+VoPfM9M+gx7etpLxP+8RoydE3cogihGCHhyCIWE9JDmSpgigLaFAkSWJAcqAsqZYoigBGWcGzE2zWRNH87097OkelB0joqH16aYKzJGhuySPNknDjkmJXJByqRCOJHkgTyRZ+vOerFerbfx6Jw12dkhf2C9/wBUTZfk</latexit>

�L =

<latexit sha1_base64="X+1gM5SMx26OdxpHJUydd17ilDs="></latexit>

N⌦n
dep

[5]

Quantum computation possible only for  depth! [6] log(n)

<latexit sha1_base64="nODuJrsIcbdpXU8VkoYoLEefkjU="></latexit>�����L(⇢0)�
I
2n

����
1

 exp(�⇥(L)),

• Real hardware noise is not solely depolarizing (which is ‘unital’, i.e.,                )        
<latexit sha1_base64="5vEuFF3pi3cx8xLiNTSsBqcviVI=">AAACBHicbVC7SgNBFJ31GeNr1dJmUARtwq7goxECNtpIBPOAJIS741UHZ2eXmbuCLGn9B8VWKzux9T8s/BdnkxS+TnU4517uuSdKlbQUBB/e2PjE5NR0aaY8Oze/sOgvLTdskhmBdZGoxLQisKikxjpJUthKDUIcKWxG14eF37xBY2Wiz+g2xW4Ml1peSAHkpJ7vd2KgKwEqP+lvHm8dHPf89aASDMD/knBE1quV+wIPtZ7/2TlPRBajJqHA2nYYpNTNwZAUCvvlTmYxBXENl9h2VEOMtpsPkvf5RmaBEp6i4VLxgYjfN3KIrb2NIzdZ5LS/vUL8z2tndLHfzaVOM0ItikMkFQ4OWWGkqwT5uTRIBEVy5FJzAQaI0EgOQjgxcx2VXR/h7+//ksZ2Jdyt7Jy6Yk7YECW2ytbYJgvZHquyI1ZjdSbYDXtkT+zZu/NevFfvbTg65o12VtgPeO9f9Vqbgw==</latexit>

N (I) = I

• Other noise components present (T1-error, amplitude damping, …) are non-unital.

[3] Quantum refrigerator, Ben-Or et al, QIP (2013). ‘Non-unital' noisy circuits can be made fault-tolerant, 
without fresh auxiliary qubits!

<latexit sha1_base64="U1P2PCbAdtEtyjaQIFL1MY80F6A="></latexit>
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What happens for generic noisy circuits? 



If the noise is depolarizing, no layers matter.

U2

U1



If the noise is depolarizing, no layers matter.

U2

U1

(Even for ALL circuits)



If the noise is non-unital, the last  do matter!O(log(n))



If the noise is non-unital, the last  do matter!O(log(n))
(for most circuits)



Effective shallow circuits

𝔼Φ[ |Tr(PΦ(ρ0)) − Tr(PΦ[L−k,L](ρ0)) | ] ≤ exp(−Ω(k)) .

kProposition.
For any initial state  (possibly complex) and observable ,ρ0 O

Φ =

L

<latexit sha1_base64="JcZAi9TqDs9GNb2+6zO+Sn1CsfI="></latexit>

E�

⇥��Tr (O�(⇢0))� Tr
�
O�[L�k,L](�0)

���⇤  kOk1 exp(�⌦(k)).



Effective shallow circuits

𝔼Φ[ |Tr(PΦ(ρ0)) − Tr(PΦ[L−k,L](ρ0)) | ] ≤ exp(−Ω(k)) .

kProposition.
For any initial state  (possibly complex) and observable ,ρ0 O

Φ =

L

<latexit sha1_base64="JcZAi9TqDs9GNb2+6zO+Sn1CsfI="></latexit>

E�

⇥��Tr (O�(⇢0))� Tr
�
O�[L�k,L](�0)

���⇤  kOk1 exp(�⌦(k)).

Target expectation value



Effective shallow circuits

𝔼Φ[ |Tr(PΦ(ρ0)) − Tr(PΦ[L−k,L](ρ0)) | ] ≤ exp(−Ω(k)) .

kProposition.
For any initial state  (possibly complex) and observable ,ρ0 O

Φ =

L Φ[L−k,L]

<latexit sha1_base64="JcZAi9TqDs9GNb2+6zO+Sn1CsfI="></latexit>

E�

⇥��Tr (O�(⇢0))� Tr
�
O�[L�k,L](�0)

���⇤  kOk1 exp(�⌦(k)).

Target expectation value Last  layersk



Effective shallow circuits

𝔼Φ[ |Tr(PΦ(ρ0)) − Tr(PΦ[L−k,L](ρ0)) | ] ≤ exp(−Ω(k)) .

kProposition.
For any initial state  (possibly complex) and observable ,ρ0 O

Φ =

L Φ[L−k,L]

<latexit sha1_base64="JcZAi9TqDs9GNb2+6zO+Sn1CsfI="></latexit>

E�

⇥��Tr (O�(⇢0))� Tr
�
O�[L�k,L](�0)

���⇤  kOk1 exp(�⌦(k)).

Any preferred initial state 
Target expectation value Last  layersk



Classical simulation of noisy random circuits
<latexit sha1_base64="PS32jTP3dzPTldyLADD+sGCeCxM=">AAACFHicbVC5TsNAFFyHK4QrQEmzIkJKmshGXGUkGuiMlEuKLWu9eUlWWR/aXSNFVlo+ga+ghYoO0dJT8C+sjQtIeNVo5j3NvPFjzqQyzU+jtLK6tr5R3qxsbe/s7lX3D7oySgSFDo14JPo+kcBZCB3FFId+LIAEPoeeP73O9N49CMmisK1mMbgBGYdsxChRmvKq2IliEERFIiQBpG0xr9uOPWF1R0wiz2w0vGrNbJr54GVgFaCGirG96pczjGgSQKgoJ1IOLDNWbkqEYpTDvOIkEmJCp2QMAw0zW+mm+SdzfJJInQXrSJhxnJPw+yIlgZSzwNebAVETuahl5H/aIFGjKzdlYZwoCGlmpBiH3EhSwXRFgIdMgFIkSw6YhZgSXYwCwTChVJOJ7qyi+7AWv18G3dOmddE8vzurtW6LZsroCB2jOrLQJWqhG2SjDqLoAT2hZ/RiPBqvxpvx/rNaMoqbQ/RnjI9v7yeeSw==</latexit>

Tr(P�(⇢0))Task: Estimate                         , with high probability over the choice of .    Φ



Classical simulation of noisy random circuits

Φ[L−k,L]

Φ =

L

k
<latexit sha1_base64="PS32jTP3dzPTldyLADD+sGCeCxM=">AAACFHicbVC5TsNAFFyHK4QrQEmzIkJKmshGXGUkGuiMlEuKLWu9eUlWWR/aXSNFVlo+ga+ghYoO0dJT8C+sjQtIeNVo5j3NvPFjzqQyzU+jtLK6tr5R3qxsbe/s7lX3D7oySgSFDo14JPo+kcBZCB3FFId+LIAEPoeeP73O9N49CMmisK1mMbgBGYdsxChRmvKq2IliEERFIiQBpG0xr9uOPWF1R0wiz2w0vGrNbJr54GVgFaCGirG96pczjGgSQKgoJ1IOLDNWbkqEYpTDvOIkEmJCp2QMAw0zW+mm+SdzfJJInQXrSJhxnJPw+yIlgZSzwNebAVETuahl5H/aIFGjKzdlYZwoCGlmpBiH3EhSwXRFgIdMgFIkSw6YhZgSXYwCwTChVJOJ7qyi+7AWv18G3dOmddE8vzurtW6LZsroCB2jOrLQJWqhG2SjDqLoAT2hZ/RiPBqvxpvx/rNaMoqbQ/RnjI9v7yeeSw==</latexit>

Tr(P�(⇢0))Task: Estimate                         , with high probability over the choice of .    Φ
Solution: It suffices to output                                               .                          

<latexit sha1_base64="Ovkq3xfDkeWEL71VkHrqqJa7v1w="></latexit>

Tr
�
P�[L�k,L](|0nih0n|)
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Classical simulation of noisy random circuits

Φ[L−k,L]

Φ =

L

k

Previous proposition. 
<latexit sha1_base64="RxMqV1Tm3sYGbFJCR4cyGWHg2+k="></latexit>

E�

⇥��Tr (P�(⇢0))� Tr
�
P�[L�k,L](|0nih0n|)

���⇤  exp(�⌦(k + |P |)).

<latexit sha1_base64="PS32jTP3dzPTldyLADD+sGCeCxM=">AAACFHicbVC5TsNAFFyHK4QrQEmzIkJKmshGXGUkGuiMlEuKLWu9eUlWWR/aXSNFVlo+ga+ghYoO0dJT8C+sjQtIeNVo5j3NvPFjzqQyzU+jtLK6tr5R3qxsbe/s7lX3D7oySgSFDo14JPo+kcBZCB3FFId+LIAEPoeeP73O9N49CMmisK1mMbgBGYdsxChRmvKq2IliEERFIiQBpG0xr9uOPWF1R0wiz2w0vGrNbJr54GVgFaCGirG96pczjGgSQKgoJ1IOLDNWbkqEYpTDvOIkEmJCp2QMAw0zW+mm+SdzfJJInQXrSJhxnJPw+yIlgZSzwNebAVETuahl5H/aIFGjKzdlYZwoCGlmpBiH3EhSwXRFgIdMgFIkSw6YhZgSXYwCwTChVJOJ7qyi+7AWv18G3dOmddE8vzurtW6LZsroCB2jOrLQJWqhG2SjDqLoAT2hZ/RiPBqvxpvx/rNaMoqbQ/RnjI9v7yeeSw==</latexit>

Tr(P�(⇢0))Task: Estimate                         , with high probability over the choice of .    Φ
Solution: It suffices to output                                               .                          

<latexit sha1_base64="Ovkq3xfDkeWEL71VkHrqqJa7v1w="></latexit>

Tr
�
P�[L�k,L](|0nih0n|)
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Classical simulation of noisy random circuits

Choosing  suffices to have:  
<latexit sha1_base64="QMCsp+qplVH9HBIgVL4XXEpCEEc=">AAACA3icbVC7TsNAEDyHVwiPBChpTkRIVJGNeJWRaKALEnlIsRWtL5twyvmhu3WkKErJV9BCRYdo+RAK/gU7uICEqUYzu9rZ8WMlDdn2p1VYWV1b3yhulra2d3bLlb39lokSLbApIhXpjg8GlQyxSZIUdmKNEPgK2/7oOvPbY9RGRuE9TWL0AhiGciAFUCr1KmVXIXfHoDE2UmVK1a7Zc/Bl4uSkynI0epUvtx+JJMCQhAJjuo4dkzcFTVIonJXcxGAMYgRD7KY0hACNN50Hn/HjxABFPEbNpeJzEX9vTCEwZhL46WQA9GAWvUz8z+smNLjypjKME8JQZIdIpo9mh4zQMm0EeV9qJIIsOXIZcgEaiFBLDkKkYpJWVEr7cBa/Xyat05pzUTu/O6vWb/NmiuyQHbET5rBLVmc3rMGaTLCEPbFn9mI9Wq/Wm/X+M1qw8p0D9gfWxzeyh5fD</latexit> "

Φ[L−k,L]

Φ =

L

k

Previous proposition. 
<latexit sha1_base64="RxMqV1Tm3sYGbFJCR4cyGWHg2+k="></latexit>

E�

⇥��Tr (P�(⇢0))� Tr
�
P�[L�k,L](|0nih0n|)

���⇤  exp(�⌦(k + |P |)).

<latexit sha1_base64="PS32jTP3dzPTldyLADD+sGCeCxM=">AAACFHicbVC5TsNAFFyHK4QrQEmzIkJKmshGXGUkGuiMlEuKLWu9eUlWWR/aXSNFVlo+ga+ghYoO0dJT8C+sjQtIeNVo5j3NvPFjzqQyzU+jtLK6tr5R3qxsbe/s7lX3D7oySgSFDo14JPo+kcBZCB3FFId+LIAEPoeeP73O9N49CMmisK1mMbgBGYdsxChRmvKq2IliEERFIiQBpG0xr9uOPWF1R0wiz2w0vGrNbJr54GVgFaCGirG96pczjGgSQKgoJ1IOLDNWbkqEYpTDvOIkEmJCp2QMAw0zW+mm+SdzfJJInQXrSJhxnJPw+yIlgZSzwNebAVETuahl5H/aIFGjKzdlYZwoCGlmpBiH3EhSwXRFgIdMgFIkSw6YhZgSXYwCwTChVJOJ7qyi+7AWv18G3dOmddE8vzurtW6LZsroCB2jOrLQJWqhG2SjDqLoAT2hZ/RiPBqvxpvx/rNaMoqbQ/RnjI9v7yeeSw==</latexit>

Tr(P�(⇢0))Task: Estimate                         , with high probability over the choice of .    Φ

<latexit sha1_base64="1wflRJNR+6ZX/Eop2BOQoY9n8nQ=">AAACD3icbVC7TsNAEDzzJrwMlDQnIqSkILIRrwYpEg1UgERCpCRE62MJp5zP1t06UmSl4BP4Clqo6BAtn0DBv+CEFBCYajSzq92ZIFbSkud9OBOTU9Mzs3PzuYXFpeUVd3WtaqPECKyISEWmFoBFJTVWSJLCWmwQwkDhVdA5HvhXXTRWRvqSejE2Q2hreSsFUCa13I3O0VmhoaJ2odEFg7GVKtLX6bbfLxZbbt4reUPwv8QfkTwb4bzlfjZuIpGEqEkosLbuezE1UzAkhcJ+rpFYjEF0oI31jGoI0TbTYYg+30osUMRjNFwqPhTx50YKobW9MMgmQ6A7O+4NxP+8ekK3h81U6jgh1GJwiKTC4SErjMzaQX4jDRLB4HPkUnMBBojQSA5CZGKS1ZXL+vDH0/8l1Z2Sv1/au9jNl09HzcyxDbbJCsxnB6zMTtg5qzDB7tkje2LPzoPz4rw6b9+jE85oZ539gvP+BWszm9k=</latexit>

k = O(log("�1))

Solution: It suffices to output                                               .                          
<latexit sha1_base64="Ovkq3xfDkeWEL71VkHrqqJa7v1w="></latexit>

Tr
�
P�[L�k,L](|0nih0n|)

�



Classical simulation of noisy random circuits

Choosing  suffices to have:  
<latexit sha1_base64="QMCsp+qplVH9HBIgVL4XXEpCEEc=">AAACA3icbVC7TsNAEDyHVwiPBChpTkRIVJGNeJWRaKALEnlIsRWtL5twyvmhu3WkKErJV9BCRYdo+RAK/gU7uICEqUYzu9rZ8WMlDdn2p1VYWV1b3yhulra2d3bLlb39lokSLbApIhXpjg8GlQyxSZIUdmKNEPgK2/7oOvPbY9RGRuE9TWL0AhiGciAFUCr1KmVXIXfHoDE2UmVK1a7Zc/Bl4uSkynI0epUvtx+JJMCQhAJjuo4dkzcFTVIonJXcxGAMYgRD7KY0hACNN50Hn/HjxABFPEbNpeJzEX9vTCEwZhL46WQA9GAWvUz8z+smNLjypjKME8JQZIdIpo9mh4zQMm0EeV9qJIIsOXIZcgEaiFBLDkKkYpJWVEr7cBa/Xyat05pzUTu/O6vWb/NmiuyQHbET5rBLVmc3rMGaTLCEPbFn9mI9Wq/Wm/X+M1qw8p0D9gfWxzeyh5fD</latexit> "

Φ[L−k,L]

Φ =

L

k

Previous proposition. 
<latexit sha1_base64="RxMqV1Tm3sYGbFJCR4cyGWHg2+k="></latexit>

E�

⇥��Tr (P�(⇢0))� Tr
�
P�[L�k,L](|0nih0n|)

���⇤  exp(�⌦(k + |P |)).

• We have
<latexit sha1_base64="WE0z2xGMnIU/xrVkxZmnsyS+bo0="></latexit>

Tr
�
P�[L�k,L](|0nih0n|)

�
= Tr

�
�[L�k,L]

⇤(P )|0nih0n|
�

<latexit sha1_base64="PS32jTP3dzPTldyLADD+sGCeCxM=">AAACFHicbVC5TsNAFFyHK4QrQEmzIkJKmshGXGUkGuiMlEuKLWu9eUlWWR/aXSNFVlo+ga+ghYoO0dJT8C+sjQtIeNVo5j3NvPFjzqQyzU+jtLK6tr5R3qxsbe/s7lX3D7oySgSFDo14JPo+kcBZCB3FFId+LIAEPoeeP73O9N49CMmisK1mMbgBGYdsxChRmvKq2IliEERFIiQBpG0xr9uOPWF1R0wiz2w0vGrNbJr54GVgFaCGirG96pczjGgSQKgoJ1IOLDNWbkqEYpTDvOIkEmJCp2QMAw0zW+mm+SdzfJJInQXrSJhxnJPw+yIlgZSzwNebAVETuahl5H/aIFGjKzdlYZwoCGlmpBiH3EhSwXRFgIdMgFIkSw6YhZgSXYwCwTChVJOJ7qyi+7AWv18G3dOmddE8vzurtW6LZsroCB2jOrLQJWqhG2SjDqLoAT2hZ/RiPBqvxpvx/rNaMoqbQ/RnjI9v7yeeSw==</latexit>

Tr(P�(⇢0))Task: Estimate                         , with high probability over the choice of .    Φ

<latexit sha1_base64="1wflRJNR+6ZX/Eop2BOQoY9n8nQ=">AAACD3icbVC7TsNAEDzzJrwMlDQnIqSkILIRrwYpEg1UgERCpCRE62MJp5zP1t06UmSl4BP4Clqo6BAtn0DBv+CEFBCYajSzq92ZIFbSkud9OBOTU9Mzs3PzuYXFpeUVd3WtaqPECKyISEWmFoBFJTVWSJLCWmwQwkDhVdA5HvhXXTRWRvqSejE2Q2hreSsFUCa13I3O0VmhoaJ2odEFg7GVKtLX6bbfLxZbbt4reUPwv8QfkTwb4bzlfjZuIpGEqEkosLbuezE1UzAkhcJ+rpFYjEF0oI31jGoI0TbTYYg+30osUMRjNFwqPhTx50YKobW9MMgmQ6A7O+4NxP+8ekK3h81U6jgh1GJwiKTC4SErjMzaQX4jDRLB4HPkUnMBBojQSA5CZGKS1ZXL+vDH0/8l1Z2Sv1/au9jNl09HzcyxDbbJCsxnB6zMTtg5qzDB7tkje2LPzoPz4rw6b9+jE85oZ539gvP+BWszm9k=</latexit>

k = O(log("�1))

Solution: It suffices to output                                               .                          
<latexit sha1_base64="Ovkq3xfDkeWEL71VkHrqqJa7v1w="></latexit>

Tr
�
P�[L�k,L](|0nih0n|)
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• Thus, this can be computed efficiently for light-cone arguments. 

X
⊗

Z

Classical simulation of noisy random circuits

Choosing  suffices to have:  
<latexit sha1_base64="QMCsp+qplVH9HBIgVL4XXEpCEEc=">AAACA3icbVC7TsNAEDyHVwiPBChpTkRIVJGNeJWRaKALEnlIsRWtL5twyvmhu3WkKErJV9BCRYdo+RAK/gU7uICEqUYzu9rZ8WMlDdn2p1VYWV1b3yhulra2d3bLlb39lokSLbApIhXpjg8GlQyxSZIUdmKNEPgK2/7oOvPbY9RGRuE9TWL0AhiGciAFUCr1KmVXIXfHoDE2UmVK1a7Zc/Bl4uSkynI0epUvtx+JJMCQhAJjuo4dkzcFTVIonJXcxGAMYgRD7KY0hACNN50Hn/HjxABFPEbNpeJzEX9vTCEwZhL46WQA9GAWvUz8z+smNLjypjKME8JQZIdIpo9mh4zQMm0EeV9qJIIsOXIZcgEaiFBLDkKkYpJWVEr7cBa/Xyat05pzUTu/O6vWb/NmiuyQHbET5rBLVmc3rMGaTLCEPbFn9mI9Wq/Wm/X+M1qw8p0D9gfWxzeyh5fD</latexit> "

Φ[L−k,L]

Φ =

L

k

Previous proposition. 
<latexit sha1_base64="RxMqV1Tm3sYGbFJCR4cyGWHg2+k="></latexit>

E�

⇥��Tr (P�(⇢0))� Tr
�
P�[L�k,L](|0nih0n|)

���⇤  exp(�⌦(k + |P |)).

• We have
<latexit sha1_base64="WE0z2xGMnIU/xrVkxZmnsyS+bo0="></latexit>

Tr
�
P�[L�k,L](|0nih0n|)

�
= Tr

�
�[L�k,L]

⇤(P )|0nih0n|
�

If  is local, then this is also local P

k k

O(k) qubitsComputational time (for 1D): 
<latexit sha1_base64="8AAuEca4O6yQBBnf6t/dKDIynlg="></latexit>

exp(O(k)) = poly("�1)

<latexit sha1_base64="PS32jTP3dzPTldyLADD+sGCeCxM=">AAACFHicbVC5TsNAFFyHK4QrQEmzIkJKmshGXGUkGuiMlEuKLWu9eUlWWR/aXSNFVlo+ga+ghYoO0dJT8C+sjQtIeNVo5j3NvPFjzqQyzU+jtLK6tr5R3qxsbe/s7lX3D7oySgSFDo14JPo+kcBZCB3FFId+LIAEPoeeP73O9N49CMmisK1mMbgBGYdsxChRmvKq2IliEERFIiQBpG0xr9uOPWF1R0wiz2w0vGrNbJr54GVgFaCGirG96pczjGgSQKgoJ1IOLDNWbkqEYpTDvOIkEmJCp2QMAw0zW+mm+SdzfJJInQXrSJhxnJPw+yIlgZSzwNebAVETuahl5H/aIFGjKzdlYZwoCGlmpBiH3EhSwXRFgIdMgFIkSw6YhZgSXYwCwTChVJOJ7qyi+7AWv18G3dOmddE8vzurtW6LZsroCB2jOrLQJWqhG2SjDqLoAT2hZ/RiPBqvxpvx/rNaMoqbQ/RnjI9v7yeeSw==</latexit>

Tr(P�(⇢0))Task: Estimate                         , with high probability over the choice of .    Φ

<latexit sha1_base64="1wflRJNR+6ZX/Eop2BOQoY9n8nQ=">AAACD3icbVC7TsNAEDzzJrwMlDQnIqSkILIRrwYpEg1UgERCpCRE62MJp5zP1t06UmSl4BP4Clqo6BAtn0DBv+CEFBCYajSzq92ZIFbSkud9OBOTU9Mzs3PzuYXFpeUVd3WtaqPECKyISEWmFoBFJTVWSJLCWmwQwkDhVdA5HvhXXTRWRvqSejE2Q2hreSsFUCa13I3O0VmhoaJ2odEFg7GVKtLX6bbfLxZbbt4reUPwv8QfkTwb4bzlfjZuIpGEqEkosLbuezE1UzAkhcJ+rpFYjEF0oI31jGoI0TbTYYg+30osUMRjNFwqPhTx50YKobW9MMgmQ6A7O+4NxP+8ekK3h81U6jgh1GJwiKTC4SErjMzaQX4jDRLB4HPkUnMBBojQSA5CZGKS1ZXL+vDH0/8l1Z2Sv1/au9jNl09HzcyxDbbJCsxnB6zMTtg5qzDB7tkje2LPzoPz4rw6b9+jE85oZ539gvP+BWszm9k=</latexit>

k = O(log("�1))

Solution: It suffices to output                                               .                          
<latexit sha1_base64="Ovkq3xfDkeWEL71VkHrqqJa7v1w="></latexit>

Tr
�
P�[L�k,L](|0nih0n|)
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Barren plateaus are bad for variational algorithms

https://www.eurekalert.org/multimedia/739167

Gradient vanishes in all 
directions; can’t figure out 
where to go!



Barren plateaus make optimization hard

n

d

Recall: We are optimizing over 

Math translation of ‘vanishing gradient’:

C = gradient of cost function



Um

Um−1Φ = U2

U1

μ C := Tr(PΦ(ρ0))
Cost function:



 Noiseless [1]:

[1] Barren plateaus in quantum neural network training landscapes. McClean et al. Nature Comm. (2018). 

Um

Um−1Φ = U2

U1

μ C := Tr(PΦ(ρ0))
Cost function:



 Noiseless [1]: Barren plateaus for depth .≥ Ω(n)

[1] Barren plateaus in quantum neural network training landscapes. McClean et al. Nature Comm. (2018). 

Um

Um−1Φ = U2

U1

μ C := Tr(PΦ(ρ0))
Cost function:



 Noiseless [1]: Barren plateaus for depth .≥ Ω(n) Var[C] ≤ exp(−Θ(n)),

[1] Barren plateaus in quantum neural network training landscapes. McClean et al. Nature Comm. (2018). 

Um

Um−1Φ = U2

U1

μ C := Tr(PΦ(ρ0))
Cost function:



 Noiseless [1]: Barren plateaus for depth .≥ Ω(n) Var[C] ≤ exp(−Θ(n)),

[1] Barren plateaus in quantum neural network training landscapes. McClean et al. Nature Comm. (2018). 

Var[∂μC] ≤ exp(−Θ(n)) .

Um

Um−1Φ = U2

U1

μ C := Tr(PΦ(ρ0))
Cost function:



 Noiseless [1]: Barren plateaus for depth .≥ Ω(n) Var[C] ≤ exp(−Θ(n)),

[1] Barren plateaus in quantum neural network training landscapes. McClean et al. Nature Comm. (2018). 

Var[∂μC] ≤ exp(−Θ(n)) .

Um

Um−1Φ = U2

U1

μ C := Tr(PΦ(ρ0))
Cost function:

(All the gates are not-trainable)



 Noiseless [1]: Barren plateaus for depth .≥ Ω(n) Var[C] ≤ exp(−Θ(n)),

 Depolarizing noise [2]:
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Compare with: [3] Beyond unital noise in variational quantum algorithms: noise-induced barren plateaus and fixed points. Singkanipa et al., ArXiv. (2024). 
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