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Variational Quantum Algorithms
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ℒ " = Tr & " '

ℒ

M. Cerezo, et al. "Variational quantum algorithms." Nature 
Reviews Physics 3.9 (2021)



Barren plateau phenomena
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Probability of non-zero gradients vanishes 
exponentially with problem size.

+

Shot required for training grows exponentially 
with problem size.

Var!"#$ ℒ ∼ 1
2)

* ℒ ≥ , ≤ Var ℒ
,.



Curse of Dimensionality
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Average statement!
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ℒ "

""∗

Var$%&' ℒ ∼ 1
2^,

Var-(") ℒ ∼ 1
Poly(,)

245

What happens if we know the solution to 
be close to a point??



Identity initialization and similar
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Var!"#$ ℒ ∼ 1
2)

They get
Var*(,) ℒ ∼ 1

Poly(2)
Unif → , ∈ [−;<,+;<]

Only look around zero.
The strategy does not take into 
account the problem structure



Let’s try! 
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Variational Quantum Simulation
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! " =$
%&'

(
)*+,-.-/%

Fixed 
depth!!

ℒ " = 1 − Tr ! " 56!7 " e*+9 :56e+9 :

Target state
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Variational Quantum Simulation
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Fixed 
depth!!

! " =$
%&'

(
)*+,- .- /%

Pauli string

Non-parametrized

0'1'

⋮

0313

0414

045'145'/4 ⋮

ℒ " = 1 − Tr ! " ;<!= " e*+? @;<e+? @

Target state

;<



Iterative variational trotter compression

Ricard Puig 18

ℒ "# = Tr ' #∗ + "# *(,′)'/ #∗ + "# e1234 5*(,′)e234 5

I. Prepare a state
* ,6 = ' #∗ |*⟩

II. Apply a small evolution
* ,6 + ", = 91234 5|*(,′)⟩

III. Train with warm start
#:;<∗ = argmin#ℒ #

IV. Update parameters
#:;<∗ → #∗



So what are we trying to get to?
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ℒ "

""∗ "$%&∗

We are automatically 
warm-starting

But how big is 
this region with 

gradients?

Barren Plateau: deep + 
expressive
§ ' ∈ Θ 1
§ Var ℒ " +,-. ∈ / 012

ℒ 3" = 1 − Tr 8 "∗ + 3" :(<′)8? "∗ + 3" e1ABC D:(<′)eABC D



Region with gradients
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ℒ "

""∗ "$%&∗

We are automatically 
warm-starting

ℒ '" = 1 − Tr - "∗ + '" /(1′)-4 "∗ + '" e6789 :/(1′)e789 :
Barren Plateau : deep + 
expressive
§ ; ∈ Θ 1
§ Var ℒ " >?@A ∈ B C6D

Also depends 
on '1

Region with gradients
§ ; ∈ Θ 1/ F
§ Var ℒ " G ∈ Ω I

GJKL M
P " := ["Q − RS, "Q + RS]

§ '1 ∈ B I
VWXY Z[\]: =largest 

eigenvalue of ^

Comes from a loose 
bound (and does not 
go ‘’too far away’’)

'1 ∈ B 1
Z[\]

Theorem 1



!-convex region around the starting point

Ricard Puig 21

ℒ #

#∗ #%&'∗

ℒ (# = 1 − Tr . #∗ + (# 0(2′).5 #∗ + (# e789: ;0(2′)e89: ;

Is this convex?



!-approximate convexity
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convexity



!-convex region around the starting point
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ℒ #

##∗ #%&'∗

We are automatically 
warm-starting

Barren Plateau
§ ( ∈ Θ 1

Gradient region (Th. 1)
§ ( ∈ Θ ,

-
§ ./ ∈ 0 ,

1234

! -convex region (Th. 2)
§ ( ∈ Ω ,

-6

§ ./ ∈ Θ ,
-1234

Theorem 2



Adiabatic minima
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Barren Plateau
§ ! ∈ Θ 1

Gradient region (Th. 1)
§ ! ∈ Θ %

&
§ '( ∈ ) %

*+,-

. -convex region (Th. 2)
§ '( ∈ Θ %

&*+,-
§ ! ∈ Ω %

&0

ℒ 2

2∗ 2456∗ 2456∗

ℒ 2

2∗

or



Adiabatic minima
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Theorem 3: to ensure the adiabatic 
minima is in the region we need 
§ Theorem 1: !" ∈ $ %

&'()*
§ Theorem2: !" ∈ $ %

&+/-'()*

Gradient region (Th. 1)
§ . ∈ Θ %

&
§ !" ∈ $ %

'()*

0 -convex region (Th. 2)
§ !" ∈ Θ %

&'()*
§ . ∈ Ω %

&-

Barren Plateau
§ . ∈ Θ 1ℒ 4

4∗ 4678∗



What does this mean in practice?
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Gradients (Th. 1): poly scaling in !
and "# to get poly variances

$-convexity (Th. 2): poly scaling in !
and "# to get poly variances

To ensure we are inside the minima 
(Th. 3)
§ Theorem 1: poly scaling in "#
§ Theorem2: poly scaling in "#

However, might still 
be too small in 
practice as the 

variance is roughly %&'

ℒ )

)∗ )+,-∗



Minima can jump
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The good (or just better) 
minimum, can have a finite 
jump for an infinitely small !"

1-D cut. 10 qubit Ising Hamiltonian # = ∑&'&'() − 0.95∑/'

We use a 2-layered Hamiltonian Variational Ansatz.



Fertile valleys?
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10 qubit Ising Hamiltonian ! =
∑$%$%&' − 0.95∑-%

We use a 2-layered Hamiltonian 
Variational Ansatz.

Plotted with ORQVIZ
M. S. Rudolph et al,  arXiv:2111.04695 (2021).



Outlook on other iterative approaches
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Imaginary time evolution

Learning an unknown unitary (independent of the state)

!"#$% → !#'%

() * + ,- .

Reinterpret the results!

C. Cirstoiu et. al., npj Quantum Information 6, 1 (2020)



Outlook on other iterative approaches
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Imaginary time evolution

Learning an unknown unitary (independent of the state)

!"#$ → !#&

'( ) * +,

Reinterpret the results!

FIDELITY TYPE LOSS

- * -./0123 ≥ 1
2

C. Cirstoiu et. al., npj Quantum Information 6, 1 (2020)



To sum up
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ℒ "

""∗"$%&∗

We are 
automatically 
warm-starting

Gradients: poly scaling in '
and () to get poly variances

*-convexity: poly scaling in '
and () to get poly variances

To ensure we are inside the 
minima
§ Theorem 1: poly scaling 

in ()
§ Theorem2: poly scaling 

in ()
Still d

ifficult in 

practice

Poly scaling: =∼ .
/012(4)
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Further analysis
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• Beyond conventional average.

• This is still an average case analysis (Jumps and valleys).

• Most results here carry over to (iterative) variational approaches.

• Generalize for arbitrary generators and correlated angles. 

• Surrogability?


