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Problem statement

Randomness hand-waved using entropies

ε-secure randomness:

ρXE ≈ε
1
dX

IX ⊗ ρE

• Uniformly random, independent of Eve
• (Dupuis, 2023): link with sandwiched Rényi entropies Hα

sup
{Mx}x

min
ρAEB ,{Px}x

H(X |E )ρXE =

maximal

randomness produced by ρA

and {Mx}x

"maxmin" problem
dim(E ) arbitrary

Optimize over all Naimark
extensions

• dim(B) arbitrary

=⇒ Not trivial!
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Reductions

sup
POVM {Mx}x

min
ρABE

PVM {Px}x

H(X |E )ρXE

s.t. TrBE [ρABE ] = ρA
Mx = TrB [Px (IA ⊗ TrAE [ρABE ])]

Eve: purifies ρAB
Alice: picks rank-1 extremal POVM
Technical result: M rank-1 extremal =⇒ ρXE ⊥⊥ ρB

=⇒ We only need to find the best rank-1 extremal POVM!
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A simple case

ρA = |0⟩⟨0|
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Key result: extremal rank-1 POVMs are dense within rank-1 POVMs
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A simple case
Extremal
minH(X |E ) ≈ 2
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Analytical solution

Solve exactly for (operationally-relevant) sandwiched Rényi entropies Hα

sup
{Mx}x

min
ρAEB ,{Px}x

Hα(X |E )ρXE︸ ︷︷ ︸

Maximum Hα-randomness

= log
(
d2
A

)︸ ︷︷ ︸

Upper-bound

− H α
2α−1

(A)︸ ︷︷ ︸

Side-information

Recovers the results of (Meng et al., 2024) if:

Restrict to PVMs
Pick α→ 1 or α→ ∞
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2α−1

(A)︸ ︷︷ ︸
Side-information

Recovers the results of (Meng et al., 2024) if:
Restrict to PVMs
Pick α→ 1 or α→ ∞
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Main result

Main result
Let be a source producing a d-dimensional quantum state ρA.

There exists a
protocol that extracts up to

log
(
d2
A

)
− min
α∈(1,2]

(
H α

2α−1
− α

α− 1
log(ε)

)
bits of ε-secure randomness.

Quantifies how useful a given source is for QRNG
Easy-to-compute benchmarking tool
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Conclusion and future steps

Conclusion
• Analytical solutions to the maximal intrinsic randomness problem for

operationally-relevant Rényi entropies

• Accounts for most general adversaries
• Strong applications: simple-to-compute benchmarking tool for QRNG

Future steps
• Limiting argument

– Discontinuities =⇒ hard to implement
– Bound holds and is tight for general d · · ·
– · · · but reachability is only proven in the qubit case!

Thanks!
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